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1. Introduction 



The Riemann zeta function is a function of complex variable s, which is 
O ■ customarily denoted by s = a + it. This function is defined by 



oo 1 



n=l 



for a > 1. It is analytically continued to a meromorphic function on the 
complex plane with the unique pole at s — 1, for example, by 

n=0 fc=0 V / V / 

for all s G C\{1}, where C is the set of complex numbers. In (1.2), the pole 
of the function (1 — 2 1 ~ s ) -1 at s — 1 corresponds to the unique pole of C( s )- 
Denote the set of all natural numbers by N. All other poles of this function 
occur at s — 1 + 2iimi for each m G N. They are each canceled with those 
t^. | zeros of the function defined by the double sum on the right. 

■ The Riemann zeta function plays a pivotal role in analytic number theory 

and many other branches of mathematics and physics. It has so-called 
trivial zeros at s — —In for all n G N. Other zeros for the Riemann zeta 
function are located in the so-called critical strip < a < 1. The Riemann 
hypothesis made by Bernhart Riemann in 1859 is considered to be one of 
the greatest unsolved problems in mathematics, asserts that all non-trivial 
^ ■ zeros are located on the line a — |, see [34]. 

Denote by K the set of real numbers and M + the set of positive real 
numbers. We use the symbol e G 1R + for an arbitrary small positive real 
number, not necessarily the same at each occurrence in a given statement. 
The Lindelof hypothesis is a conjecture made by Finnish mathematician 
Ernst Leonard Lindelof in 1908, see [28], about the rate of growth of the 
Riemann zeta function on the critical line such that 

(1.3) |C(| + ft)=0(* e ). 

The Lindelof hypothesis is implied by the Riemann hypothesis. For refer- 
ences, see [19], [20], or [23]. 
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It says that, for any e I 0, 

We shall use notation Z the set of the integers and the notation aN + b, 
to denote the subset of Z containing all integers in the form of an + b, where 
nGN and a, b G Z are fixed. We use the notation g(x) = f(x) + le(h(x)) 
to represent the fact that \g(x) — f(x)\ < h(x). Suppose that g(x) and h(x) 
are complex functions of the variable x and f(y) is a positive real- valued 
function of y. The notation g(x) = h(x) + O (/(?/)) represents the fact 
that \g(x) — h(x)\ < Bf(y) with some absolute sconstant B > whenever 
y is sufficiently large or y > y for some fixed positive number y . For 
convenience, we also use the notation f(x) = < g(y) for the statement 
\f(x)\<g(y). 

The main results are as follows. 

Theorem 1. The Lindeldf hypothesis is valid. In fact, we have 

(1.4) cto = o(t\ 

for0<a< 1 . 

Theorem 2. Let | < A < 1 and E > 0. Then, 

(1.5) N(X,T + E)-N(X,T-E) = o(logT), 
for sufficiently large N. 



2. Representation by logarithms 

In this section, we express N(X, T + E) — N(X, T — E) as the sum of the 
imaginary parts for several logarithmic functions as in (2.10). 

Let e be small enough such that there are no zeros for the Riemann zeta 
function for A — 2e < a < A and T < t < T + he. Denote X = X — e, 
Y = T + e, and Y\ = T + As. Let Ci, C2, C3, C4, and C5 be the route along 
the line segment from Ai = ~ + Yi to B\ = X + Y i, A 2 = X + Yi to 
B 2 = X, A 3 = X to B 3 = 2, Ai = 2 to B 4 = 2 + Y x i, and A 5 = 2 + Y x i 
to B 5 = ~ + Y\ i, respectively. Let W be a line segment and U be the 
union of all open disks of radius e that have centers along the points of 
W. For brevity, we shall denote such a U by the set function U(W) of the 
line segment as the variable, henceforth. Let U = Uj=iU(Cj). It may be 
shown that log£(s) is defined uniquely and analytic in the open region U 
with log£(s) G R for s G R. In [12], it is formulated that 

5 

(2.1) 7V(A,T) = ^Sloge( S ) 

Let \ < X < 1, x = X or 2, and E > 0. We now let e be sufficiently 
small such that there are no zeros for the Riemann zeta function for x — 2e< 
a < x, T-E<t<T-E + 5e, &nd T + E < t < T + E + 5e. Denote 
by T(X) = T - E and T(2) = T + E. Then, denote by V ± (x), V 2 (x), 
T>s(x), and V±(x) the route along the segment from A\{x) = x to B x (x) = 
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x + i{T(x)+e), A 2 (x) = \ + i(T(x)+e) to B 2 (x) = x + i(T(x) + e), A 3 (x) = 
x + i(T(x) + e) to B 3 (x) =x + i(T(x) + 4e), and A A (x) = x + i(T(x) + As) 
to B 4 (x) = \ + i(T(x) + As), respectively. Let V(x) = Uj=i U(X>j(a;)). 
Therefore, log£(s) is defined uniquely and analytic in the open region V(x) 
with log£(s) G R for seM. From (2.1), we see that 



(2.2) 
with 



N(X, T + E)- N(X, T-E) = %[S{2) - S{X)}, 



B 3 (x) 
Aj{x) 



i=2 

where the value of log£(s) is uniquely defined and analytic in the open 
region V(x) by analytic continuation from log£(s) G 1R for s on the real 
axis. One may say that log£(s) is uniquely defined in the union of V(X) 
and V(2), but not in the ordinary sense. We must regard this union as 
disjoint in the sense of the Riemann surface. At the intersection of V(X) 
and 7(2) in the usual sense, the value of log£(s) may not be the same 
without the Riemann hypothesis. 

Nevertheless, we may rearrange the the sum in (2.2) in the following way. 
That is, 



(2.3) 
with 



N(X, T + E)- N(X, T-E) = 3[£(2) - fi{X) + Sj] , 



ft = log£(s) 



A 4 (x) 
B 3 (2) 

Asm 



iog^(s; 



B 2 (x) 

M(x) ' 
B 3 (X) 

MX) 



Now, we let D be the line segment from X to 2 and 
V = V(V)\J[ |J V(V 3 (x)) 

j=l,3;x=X,2 

Each of -fj(2), f)(X), and $) is uniquely defined and analytic in an open 
region 7(2), V(X), and 7, respectively. Note that each of 7(2), V(X), 
and 7 is on a fixed layer of the Riemann surface and each of S)(2), Sj(X), 
and fj is analytically continued from log£(s) G M for s G M, recalling that 
^(s) G M + . 

Denote that B =?, C =?, and R =? henceforth. We use the pseudo zeta 
function defined by 

A(s) 

(2.4) 



1 



B 



iC(»-l/2) 



+ B 



iC(l/2-») 
4 



B 



i C(s-l/2) 
4 



B 



iC(l/2-s) 
4 



and pseudo Gamma function 
1 



(2.5) 



s-l/2 1/2-s 

R— + R— 



s-l/2 1/2-s 
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as defined in [12]. Note that logs = 0(1) and log(s — 1) = 0(1). It follows 
that 



(2.6) 
with 



N(X, T + E) - N(X, T - E) 
3f[2l(2) - a(X)] + 303 - 9f[£(2) - €{X)\ 
- 9f[S)(2) - £(X)] + 3£ + 3^+0(1), 



gfnfl = log C(s)r(f ? B4(g) 
CWr(§) fl 3(2) 



log 



CWr(§) 



A(«)V(.) 



(2.7) 



03 = log 



A(a)V(a) 
A(s-iE) 



V(s-iE) 



A3 (2) 
Biix) 

A 4 (x) 
Ba(x) 

A A {x) 



log 



CWr(f) 

A(a)V(«) 



l A{s+iE) 
1U & A(s-iE) 



- log 



V(s+iE) 



V(s-iE) 



B 2 (x) 

A 2 (x) 
B 3 (X) 

MX) ' 
B 2 (x) 

A 2 (x) ' 
B 2 (x) 

A 2 (x) ' 



£ = log 



A(2-X+s) 
A(s) 



B S (X) 
MX) 



3" = log 



V(2-X+s) 
V( S ) 



B 3 (X) 
A 3 PQ 



We recall the following lemma from [12]. 



Lemma 2.1. Suppose that the function f(s) is analytic and nonzero in a 
simply connected open region and a simple curve from s = Si to s = S2 is 
inside this open region. Then, 



(21 



3[log/(s 2 )-log/( Sl )] < (m+l)n, 



where m is the number of points s on the route from Si to s 2 > exclusive of 
the end points, at which 3?/(s ) = 0. 

By this lemma, we see that 2l(x) < 2l'(x) for x = X and x = 2, where 



(2.9) a^log^^'-log 
Finally, we obtain 

N(X,T + E) - N(X,T - E) 

(2.10) < |32l(2)| + |32l(X)| + 1 305 1 + |3f[£(2) - £(X)]| 

+ |9f[S)(2) - + |5<£| + + 0(1), 



C(«)r(|) 

A(a)V(«) 



B 2 (x) 



3. Growth rate of zeros 
In this section, we prove 

a'(s)=,®=,C(2) -£(*)=, 
1 ' j D(2)-S)(X) =(£=,£=. 

Therefore, Theorem 2 is validated. 
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Let B = and C = 5*i° g y+i°g9-i°g5 henceforth. We claim that 

5 9r 

(3.2) ^ = ° irh 

on the annulus ?? < \s — || < for a > |. To confirm (3.2), we may assume 
that £ > by the Schwarz reflection principle. We have two cases. Case 1: 
< t < ~f7~r~ — d • Note that 

— C log B 



dA{s) _ ClogB 
dt ~ 4 



B -i C( S -l/2) _ B ~i C(s-l/2) < ClogB ^1/2 _|_ 

and 

A(a - |) = 2 [cos 4 ( g^ff los B ) + sin 4 ( log B ) ] > 1. 
It follows that 

(3.3) A(s) =A(a-l) + t ^f^ Lt* » 1 " ^ > 5> 

by the mean-value theorem with < t* < t. The estimate (3.2) is valid by 

noting that |C( S )| = 0(1) in this case. Case 2: a > cl ^ gR - We have 

A(s) - - B~ iC{s - l/2) ( I + 5 + 1 J > I R« 

^ ' _ 4 I B -iC(s-l/2) -T B -2iC( S -l/2) i ^ g ' 

for sufficiently large Y, from (1 + z) 4 + (1 — z) 4 = 2(1 + 6z 2 + z 4 ) for any 
2 G C. Hence, (3.2) is justified from the designation of B and C. 
We recall the estimate 

(3-4) B(s) = ^j| = 0(l), 

on the circle \s — \ =. 

Not use the same method!! 

Lemma 3.1. If R > 0, and f is a function that is regular for \z — zq\ < R, 

and has at least m zeros in \z — Zq\ < r < R, with multiple zeros being 
counted according to their order of multiplicity, then, if f(zo) ^ , we have 

, . (R\ m M 

(3-5) - < 



1/(^)1 

where M = max \ f(z)\ for \z — Zq\ = R. 



4. Backlund's reasoning 

In this section, we use the result from the last section to prove Theorem 
1 in the case a > |. We follow Backhand's argument in 1918, see [4]. A 
slightly different approach may be found in 



(4-1) \((s)\ < 



Lemma 4.1. Let 5 > 0. Fort > 3, one has 

0(t^/ 2 ), when 5 <a < 1, 
O(logt), when a > 1. 
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Lemma 4.2. Denote D{r) = {s : \s\ < r} for r > 0. Let f(s) be an 
analytic function in an open region containing the disk D(r) with /(0) = 0. 
Denote 

(4.2) M(r) = max \f(s)\. 

sGD(r) 

Then, 

(4-3) M(n) < ^M(r ), 

whenever n < r . 

Lemma 4.3 (The three-circle theorem). Suppose that f(s) is analytic in 
the annulus r\ < \s\ < r 2 and continuous on the closed annulus. Let M(r) 
be the maximum of \f(s)\ for \s\ = r. Then 

log(r 2 /r) log(r/r 1 ) 

(4.4) M(r) < M(ri) ^Ai) M(r 2 ) lo ^' r ^ . 

For the estimate on the Riemann zeta function, we have Lemma 4.1, 
which is a portion of Theorem 1.9 on page 25 in [23]. 

Let | < A < 1, 1 < cr < §, < 5 < (T — 1, and s = o~o + £T. Let 

(4.5) £ < \ min < |p — p' 

4 p€Z,p'GZ: T-l<|7|<T+2, T-l<h"|< T+2 L 1 

and Ro = a — A — e, R\ = R — e, R = R — 2e and R 2 = o~ — 1 — 5. 
We let C , Ci, C, and C 2 be the circles with center s and radius R , R±, R 
and i? 2 , respectively. We shall apply Lemma 4.2 on the circles C and C\ 
and the three circle theorem on C 1; C, and C 2 - It is from the Euler product 
formula that there are no zeros of C(s) inside and on the circle C 2 . By the 
designation of e, there are no zeros for £(s) on the circle Co, Ci and C. 

Denote by s^ for A; = 1, 2, . . ., K the zeros of C(s) inside C counted with 
multiplicities. Define 

(4.6) z fc (s) 
and 



R 2 -S k -Sq(s-S ) 

R{s-s k ) ■ 



K 



(4.7) Z(s) = C(s)l[z k (s). 

k=i 

We shall prove that 

(4.8) Z(s)<t e 

on the circle C. Then, we obtain C(s) < T e on the circle C, noting that 
|z fc (s)| > 1 for each k = 1, 2, . . ., K. This implies C(A - 3e + it) = 0(t e ) 
and C(\ + ^) - ^( t£ ) ^ letting e ->■ and A ->• \. 

Next, we use Lemma 4.2 to the function f(s) = log J^jy on the circles A 
and B to show that 

(4.9) |logZ(s)| <ClogT, 
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with some fixed positive constant C. We remark here that /(so) = 0. Note 
that = 1 for s on the circle A. Therefore, 

»logZ(s) = log|Z(a)|=log|C(s)| 

(4.10) * 

+ ^log|z fc ( S )|=log|C( S )| = 0(logt), 

fc=i 

by Lemma 4.1. Note that log|^(so)| = log \ Sk ^ SQ \ > and |log|C(s )|| < 
logC(o" ) so that log | C( s o) I > — ^ sC( a o)- It follows that log|Z(s)| = 
3?log \Z(s)\ + log = log |C( S ) I - Therefore, 

(4.11) ?? < log|Z(s)| <??Clogt, 

on the circle A. On the other hand, 
We first prove that 

(4.12) |logZ(s)| <o(logT), 

on the circle T>. For each k, note that Zk(s) is a fractional linear transfor- 
mation which carries s k to oo and A to the unit circle, it carries P to a 
circle which lies outside the unit circle and does not encompass it. Since 
this circle contains in the interior the point z k (sn) = R = r s °~ s ,2 which 

V 22 S -S k \SQ-S k \ 2 

lies on the same ray from the origin as Sq — s k and which therefore lies in 
the halfplane $lz k (s) > 0, log^(s) can be defined inside and on V by the 
condition l^logz^So)! < f • This gives the meaning of 

K 

(4.13) log Z(s) = log C(s) + lo § 

k=l 

throughout the interior of T> and hence, by analytic continuation, through- 
out the interior of A, as Z(s) is analytic and nonzero by the definition of 
Z(s). Now, |SlogZfc(s)| < ^ on A because a circle which does not contain 
the origin cannot intersect both halves of the imaginary axis. Note that 
|QTog.Zjfc(s)| < =y on V because a circle which does not contain the origin 
cannot intersect both halves of the imaginary axis. On the other hand, one 
sees that \s k - s \ < R, 1 < \z k (s)\ < on p so t h at 

< mogz k (s) = hg\z k (s)\ < log fl+«yi-* . 

From this, we have 

(4.14) | log Z(s) \ < K\og g±3L=l=i + 0(1), 

recalling (4.13) and noting that |C( S )| < C(l+^) — 0(1). By the assumption 
on K, we acquire (4.12). 

Now, we use Lemma 4.4. It follows on the circle C that 

log(r 2 /r) log(r/ri] 

(4.15) log Z(s) < ri^^T) B T ^^T) log T < elogT, 
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log(r 2 /r 1 ) log(r 2 /r) 

with arbitrarily small e by letting t] < e l °^ r 2/^) B los( - r ? r ^ . Note that log \Z{s) \ < 
|logZ(s)|. We have (4.8). Finally, we let e — > so that R 2 is arbitrarily 
near A. Therefore, £(A + it) <T e and Theorem 1 is valid whenever a > |. 

5. Having recourse to symmetry 

By definition, the Riemann zeta function for a > 1 is a sum over the set 
of all the integers. Any function involving the set of all the integers must 
somehow contain the information for the distribution of the prime numbers. 
The factorial function is defined by n\ = 1-2-3 • • • n. Euler's Gamma function 
r(s) is a complex function version for the factorial function, which may be 
defined by 

v ' n=l 

where 7 = lim n ^. 0O (l + | + | + -- - + ^ _ logn) ~ 0.577215 is the Euler- 
Mascheroni gamma constant. This T(s) must contain the data for the dis- 
tribution of the prime numbers. The Riemann zeta function has a simple 
pole at s = 1 and trivial zeros at s — —2, —4, —6, . . .; the Euler Gamma 
function has poles at s — 0, —1, —2, . . .. Bonding £(s) and T(s) together 
naturally, we obtain the xi-function. That is, 

(5.2) e(s) = ^" f §r(§)( s -i)c(s). 

It is an entire function so that simpler from the function theoretic point of 
view. Moreover, one has 

(5.3) = 

as well as £(s) = £(s). Now we use the symmetric property in (5.3) to prove 
Theorem 1 in the case of a < |. 
Finally, 
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Abstract. The Riemann zeta function is a meromorphic function on 
the whole complex plane. It has infinitely many zeros and a unique 
pole at s = 1. Those zeros at s = —2, —4, —6, . . . are known as trivial 
zeros. The Riemann hypothesis is a conjecture of Riemann, from 1859, 
claiming that all nontrivial zeros of £(s) lie on the line 9?(s) = |. Let 
x > 2. Define A(n) = logp whenever n = p m for a prime number p and a 
positive integer to, and zero otherwise. The Riemann hypothesis is then 
equivalent to the f^-form of the prime number theorem as ip(x) — x = 
0{x 1 / 2 log x), where ip( x ) = E n <i -Mn) with the sum running through 
the set of all natual integers. Similar to that in the literature, we use 
the classical integral formula for the Heaviside function in the form of 
H(x) = f m+zo ° 5_ ds where to > 0, and H(x) is when x < 1, h when 
x = 1, and 1 when x > 1. Starting with the estimate on ip( x ) ~ x — 
O(xlogx), we use induction to reduce the size of the exponent 9 = 9{x) 
in w{x) — 0(x 9 log 2 x), while we also use induction on x when 9{x) is 
fixed. We prove the Riemann hypothesis. 
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